Multiple positive solutions of nonlinear BVPs for differential systems involving integral conditions by Hai-E Zhang
Zhang Boundary Value Problems 2014, 2014:61
http://www.boundaryvalueproblems.com/content/2014/1/61
RESEARCH Open Access
Multiple positive solutions of nonlinear BVPs





Department of Basic Science,
Tangshan College, Tangshan, Hebei
063000, People’s Republic of China
Abstract
In this paper, we consider the following system of nonlinear third-order nonlocal
boundary value problems (BVPs for short):
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
–u′′′(t) = f (t, v(t), v′(t)), t ∈ (0, 1),
–v′′′(t) = g(t,u(t),u′(t)), t ∈ (0, 1),
u(0) = 0, au′(0) – bu′′(0) = α[u], cu′(1) + du′′(1) = β[u],
v(0) = 0, av′(0) – bv′′(0) = α[v], cv′(1) + dv′′(1) = β[v],
where f ,g ∈ C([0, 1]× R+ × R+,R+), α[u] = ∫ 10 u(t)dA(t) and β[u] = ∫ 10 u(t)dB(t) are linear
functionals on C[0, 1] given by Riemann-Stieltjes integrals and are not necessarily
positive functionals; a, b, c, d are nonnegative constants with ρ := ac + ad + bc > 0. By
using the Guo-Krasnoselskii ﬁxed point theorem, some suﬃcient conditions are
obtained for the existence of at least one or two positive solutions and nonexistence
of positive solutions to the above problem. Two examples are also included to
illustrate the main results.
MSC: 34B15
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1 Introduction
The theory of BVPs with integral boundary conditions for ordinary diﬀerential equations
arises in diﬀerent areas of appliedmathematics and physics. For example, heat conduction,
chemical engineering, underground water ﬂow, thermo-elasticity, and plasma physics can
be reduced to nonlocal problemswith integral boundary conditions.Moreover, BVPs with
Riemann-Stieltjes integral boundary condition (BC for short) have been considered re-
cently as both multipoint and Riemann integral type BCs are treated in a single frame-
work. For more comments on Stieltjes integral BC and its importance, we refer the reader
to the papers by Webb and Infante [–] and their other related works.
In recent years, third-order nonlocal BVPs have received much attention from many
authors; see, for example [–]. It is worth mentioning that Sun and Li [] studied the
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third-order BVP with integral boundary conditions
⎧⎨
⎩
u′′′(t) + f (t,u(t),u′(t)) = ,  < t < ,




Their main tool was the Guo-Krasnoselskii ﬁxed point theorem. Recently, we [] were
concerned with the existence of a monotone positive solution for the third-order BVP
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
u′′′(t) + f (t,u(t),u′(t)) = ,  < t < ,
u() = ,
au′() – bu′′() = α[u],
cu′() + du′′() = β[u],
(.)
by applying monotone iterative techniques, where f ∈ C([, ] × R+ × R+,R+), α[u] =∫ 
 u(t)dA(t) and β[u] =
∫ 
 u(t)dB(t) are linear functionals on C[, ] given by Riemann-
Stieltjes integrals.
Furthermore, motivated by the wide applications of systems of diﬀerential equations in
biomathematics, the study of systems of BVPs has received increased interest; see [–]
and the references therein. In particular, Henderson and Luca [] established the exis-
tence of positive solutions for the system of BVPs with multi-point boundary conditions
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
–u′′(t) + λc(t)f (u(t), v(t)) = , t ∈ (,T),
–v′′(t) +μd(t)g(u(t), v(t)) = , t ∈ (,T),
αu() – βu′() = , u(T) =
∑m–
i= aiu(ξi), m≥ ,
γ v() – δv′() = , v(T) =
∑n–
i= biv(ηi), m≥ 
(.)
by applying the ﬁxed point index theory.




–u′′(t) = f (t,u, v),
–v′′(t) = g(t,u, v),
u() = v() = ,
u() =H(
∫ 
 u(τ )dα(τ )),
v() =H(
∫ 
 v(τ )dβ(τ ))
(.)
by using ﬁxed point index theory in a cone.
Infante and Pietramala [] studied the existence of positive solutions for a system of
perturbed Hammerstein integral equations by ﬁxed point index theory for compact maps
and illustrated their theory by studying the following system of BVPs:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
u′′(t) + g(t)f(t,u(t), v(t)) = ,  < t < ,
v′′(t) + g(t)f(t,u(t), v(t)) = ,  < t < ,
u() =H(β[u]), u() =H(β[u]),
v() =H(β[v]), v′() =H(β[v]).
(.)
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The result was quite general and covered a wide class of systems of BVPs. Here βij[w] was
of the form βij[w] =
∫ 
 w(t)dBij(t) involving positive Riemann-Stieltjes measures.
Inspired greatly by the above-mentioned excellentworks, in this paper, we are concerned
with the following system of third-order BVPs:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
–u′′′(t) = f (t, v(t), v′(t)), t ∈ (, ),
–v′′′(t) = g(t,u(t),u′(t)), t ∈ (, ),
u() = , au′() – bu′′() = α[u], cu′() + du′′() = β[u],
v() = , av′() – bv′′() = α[v], cv′() + dv′′() = β[v],
(.)
where f , g ∈ C([, ]× R+ × R+,R+), α[u] = ∫  u(t)dA(t) and β[u] = ∫  u(t)dB(t) are linear
functionals on C[, ] given by Riemann-Stieltjes integrals with signed measures; a, b, c,
d are nonnegative constants with ρ := ac + ad + bc > . To the best of our knowledge, the
study of existence of positive solutions of third-order diﬀerential systems (.) has not
been done.
A vector (u, v) ∈ C(, ) × C(, ) is said to be a positive solution of BVP (.) if and
only if u, v satisfy BVP (.) and u, v are positive on (, ). The proof of our main results is
based on the well-known Guo-Krasnoselskii ﬁxed point theorem, which we present now.
Theorem . Let E be a Banach space, K ⊂ E be a cone, and  and  be bounded open
subsets of E with  ∈ ,  ⊂ . Assume that A : K ∩ (\) → K is a completely
continuous operator such that either
(i) ‖Au‖ ≤ ‖u‖ for u ∈ K ∩ ∂ and ‖Au‖ ≥ ‖u‖ for u ∈ K ∩ ∂; or
(ii) ‖Au‖ ≥ ‖u‖ for u ∈ K ∩ ∂ and ‖Au‖ ≤ ‖u‖ for u ∈ K ∩ ∂.
Then A has a ﬁxed point in K ∩ (\).
2 Preliminary lemmas
In this section, we adopt the ideas and themethodwhich have beenwidely used andwhich
are due to Webb and Infante in [, ].
In our case, the existence of positive solutions of nonlocal BVP
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
u′′′(t) + f (t,u(t),u′(t)) = ,  < t < ,
u() = ,
au′() – bu′′() = α[u],
cu′() + du′′() = β[u]
(.)
with two nonlocal boundary terms α[u], β[u] can be studied via a perturbedHammerstein
integral equation of the type







ds =: Tu(t). (.)
Here γ (t), δ(t) are linearly independent and given by
–γ ′′′(t) = , γ () = , aγ ′() – bγ ′′() = , cγ ′() + dγ ′′() = ,
–δ′′′(t) = , δ() = , aδ′() – bδ′′() = , cδ′() + dδ′′() = ,
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which imply γ (t) = ct+dt–ctρ and δ(t) =
at+bt
ρ , t ∈ [, ]. Let ‖ ·‖∞ be the usual supremum
norm in C[, ]. A direct calculation shows that for t ∈ [θ ,  – θ ],  < θ <  ,
γ (t)≥ c‖γ ‖∞, δ(t)≥ c‖δ‖∞,
γ ′(t)≥ d
∥∥γ ′∥∥∞ and δ′(t)≥ d
∥∥δ′∥∥∞,
(.)
where c = cθ+dθ–cθ

c+d , c =
aθ+bθ
a+b , d =
cθ+d
c+d and d =
aθ+b
a+b ; G(t, s) is Green’s function for







 , ≤ s≤ t ≤ ,
(at+bt)(c(–s)+d)
ρ , ≤ t ≤ s≤ .
In the remainder of this paper, we always assume that
(H) ≤ α[γ ],β[δ] < , α[δ],β[γ ]≥  and D := ( – α[γ ])( – β[δ]) – α[δ]β[γ ] > ;








As shown in Theorem . in [], if u is a ﬁxed point of T in (.), then u is a ﬁxed point
of S, which is now given by























































in our case. The kernel GS is Green’s function corresponding to BVP (.). By Lemma .
and Lemma . in [], we can get the following properties of Green’s function.
Lemma . Let ρ := ac + ad + bc > , c = ρ
∫ θ
 (τ )dτ
(a+b)(c+d) ,  < θ < . Then G(t, s) satisﬁes
G(t, s)≤ (s) for t ∈ [, ], s ∈ [, ],
G(t, s)≥ c(s) for t ∈ [θ ,  – θ ], s ∈ [, ],
where (s) = 
ρ
(b + as)(d + c( – s)), s ∈ [, ].
Lemma . Let c =min{c, c, c}. Then GS(t, s) satisﬁes
GS(t, s)≤ (s) for t ∈ [, ], s ∈ [, ],
GS(t, s)≥ c(s) for t ∈ [θ ,  – θ ], s ∈ [, ],
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where(s) := ‖γ ‖∞D ((–β[δ])KA(s)+α[δ]KB(s))+ ‖δ‖∞D (β[γ ]KA(s)+(–α[γ ])KB(s))+(s),
s ∈ [, ].


















∂t ≤ (s) for t ∈ [, ], s ∈ [, ],
∂GS(t, s)
∂t ≥ d(s) for t ∈ [θ ,  – θ ], s ∈ [, ].













(b+as)(d+c(–t)) ≥ ρ(t)(a+b)(c+d) , ≤ t ≤ s≤ ,
so ∂G(t,s)
∂t ≥
ρmint∈[θ ,–θ ] (t)
(a+b)(c+d) (s), t ∈ [θ ,  – θ ], s ∈ [, ], which together with (.) shows that
∂GS(t,s)
∂t ≥ d(s) holds. 
Let E = {C[, ] : u() = } equipped with the norm ‖u‖ = max{‖u‖∞,‖u′‖∞}, where
‖u‖∞ is the usual supremum norm in C[, ]. Similar to Lemma . in [], we can get the
following lemma.
Lemma . If u ∈ E, then ‖u‖∞ ≤ ‖u′‖∞. And so, E is a Banach space when it is endowed









Then it is easy to verify that K is a cone in E.























ds, t ∈ [, ].
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Lemma . T : K → K .






























































































































which shows that TK ⊂ K . 
Similar to the proof of Lemma . in [], we can get the following lemma.
Lemma . T : K → K is completely continuous.
3 Main results
Denote





x + y and g





x + y ,
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f = lim infx+y→+ mint∈[θ ,–θ ]
f (t,x, y)
x + y and g = lim infx+y→+ mint∈[θ ,–θ ]
g(t,x, y)
x + y ,





x + y and g





x + y ,
f∞ = lim infx+y→+∞ mint∈[θ ,–θ ]
f (t,x, y)
x + y and g∞ = lim infx+y→+∞ mint∈[θ ,–θ ]
g(t,x, y)





















Theorem . Assume that Af  <  < Af∞ and Bg <  < Bg∞. Then BVP (.) has at
least one positive solution.
Proof In view of Af  <  and Bg < , there exists ε >  such that
A
(
f  + ε
)≤ , B(g + ε)≤ . (.)
By the deﬁnition of f , g, we may choose σ >  so that
f (t,x, y)≤ (f  + ε)(x + y),
g(t,x, y)≤ (g + ε)(x + y), t ∈ [, ], (x + y) ∈ [,σ].
(.)
Set  = {u ∈ E|‖u‖ < σ/}. It follows from (.), (.), Lemmas . and . that for any





















u(τ ) + u′(τ )
)
dτ





























































































≤ ‖u‖, t ∈ [, ].
Therefore,
‖Tu‖ ≤ ‖u‖, u ∈ K ∩ ∂. (.)
On the other hand, since  < Af∞ and  < Bg∞, there exists ε >  such that
A(f∞ – ε)≥ , B(g∞ – ε)≥ . (.)
By the deﬁnition of f∞, g∞, we may choose σ ′ > σ so that
f (t,x, y)≥ (f∞ – ε)(x + y),
g(t,x, y)≥ (g∞ – ε)(x + y), t ∈ [θ ,  – θ ], (x + y) ∈ [σ ′, +∞).
(.)
Let σ = max{σ,σ ′/d} and set  = {u ∈ E|‖u‖ < σ}. Then u ∈ K ∩ ∂ implies that






















u(τ ) + u′(τ )
)
dτ




c(τ ) + d(τ )
)
dτ ≥ σ. (.)















































≥ ‖u‖, t ∈ [, ].
Therefore,
‖Tu‖ ≥ ‖u‖, u ∈ K ∩ ∂. (.)
Therefore, it follows from the ﬁrst part of Theorem . that T has a ﬁxed point u ∈ K ∩






 GS(t, s)g(s,u(s),u′(s))ds. 
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Theorem . Assume that Af∞ <  < Af and Bg∞ <  < Bg. Then BVP (.) has at
least one positive solution.
Proof The proof is similar to Theorem . and therefore omitted. 
Theorem . Assume that Af > , Af∞ > , Bg > , Bg∞ > , Bg <  and there is a
μ >  such that
max
{
g(t,x, y), t ∈ [, ], (x + y) ∈ [,μ]} < μB ; (.)
max
{
f (t,x, y), t ∈ [, ], (x + y) ∈ [,μ]} < μA . (.)
Then BVP (.) has at least two positive solutions.
Proof Firstly, in view of Af >  and Bg > , there exists ε >  such that
A(f – ε)≥ , B(g – ε)≥ . (.)
By the deﬁnition of f, g, we may choose σˆ >  so that
f (t,x, y)≥ (f – ε)(x + y),
g(t,x, y)≥ (g – ε)(x + y), t ∈ [, ], (x + y) ∈ [, σˆ].
(.)
Moreover, from Bg < , take ρ satisfying  < ρ < BB σˆ < μ such that
g(t,x, y)≤ ρB , ∀t ∈ [, ],x + y ∈ [,ρ].
Set  = {u ∈ E|‖u‖ < ρ/}. It follows from (.), (.), Lemmas . and . that for any




















ρ < σˆ, s ∈ [, ]. (.)




























































































≥ ‖u‖, t ∈ [, ].
Thus,
‖Tu‖ ≥ ‖u‖, u ∈ K ∩ ∂. (.)
Secondly, similar to the proof of (.), we may choose σ > μ and set  = {u ∈ E|‖u‖ <
σ}, and easily get
‖Tu‖ ≥ ‖u‖, u ∈ K ∩ ∂. (.)
















(τ ) +(τ )
)
dτ
































= μ = ‖u‖, t ∈ [, ].
Thus,
‖Tu‖ < ‖u‖, u ∈ K ∩ ∂, (.)
which together with (.), (.) shows that T has at least two ﬁxed points in u ∈ K ∩
(\) and u ∈ K ∩ (\). 
Similarly, we can get the following theorem.

















Then BVP (.) has at least two positive solutions.
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Theorem . If Af (t,x, y) < (x + y) and Bg(t,x, y) < (x + y) for t ∈ [, ] and (x + y) ∈
[, +∞), then BVP (.) has no monotone positive solution.
Proof Suppose on the contrary that u is a monotone positive solution of BVP (.). Then


































































which shows that ‖u‖ < ‖u‖. This is a contradiction. 
Similarly, we can prove the following theorem.
Theorem . If Af (t,x, y) > (x + y) and Bg(t,x, y) > (x + y) for t ∈ [θ ,  – θ ] and (x + y) ∈
[, +∞), then BVP (.) has no monotone positive solution.
4 Example




–u′′′(t) = f (t, v(t), v′(t)), t ∈ (, ),
–v′′′(t) = g(t,u(t),u′(t)), t ∈ (, ),
u() = , u′() = α[u] =
∫ 
 ( – s)u(s)ds, u′() = β[u] =
∫ 
 su(s)ds,
v() = , v′() = α[v] =
∫ 




For this BCs, the corresponding γ (t) = t–t and δ(t) =
t
 . A simple calculation shows that
α[γ ] =  , α[δ] =

 , β[γ ] =

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Let θ = /, then A = /, ≈ ., A = ,/,, ≈ ., B =





















 + u(t) + u′(t)
]
.
It is easy to compute that f  = , f∞ = , , g =

 , g∞ =

 , which show that Af  <  <


























, + u(t) + u′(t)
]
.
It is easy to compute that f =  , f∞ =

 , g = , g∞ =  and g =

 , which show
that Af > , Af∞ > , Bg > , Bg∞ >  and Bg < .
Choose μ = ,
max
{
g(t,x, y), t ∈ [, ], (x + y) ∈ [, ]} = e +
,












<  < μA
.
So, it follows from Theorem . that BVP (.) has at least two positive solutions.
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